A geometrical description of classical field theories of first order is given. The underlying k-cosymplectic structure permits to derive the corresponding field equations.
We identify each k-vector field X on M with the jet field ␥ϭ(id R k, X), that is ␥(t,x)ϭ"t,X 1 (x), . . . ,X k (x)…. The integral sections of the jet field ␥ ͑see Ref. Let us remark that if is an integral section of a k-vector field (X 1 , . . . ,X k ) then each curve on M defined by A ϭ(s r A ) is an integral curve of the vector field X A on M .
Howewer, given k integral curves of X 1 , . . . ,X k , respectively, it is not possible in general to reconstruct an integral section of (X 1 , . . . ,X k ).
Proposition II.4: Assume that the vector fields
Then, the k-vector field (X 1 , . . . ,X k ) is integrable if and only if the distribution generated by
III. THE CANONICAL STABLE k-TANGENT STRUCTURE
Let Q be a manifold of dimension n with local coordinates (q i ) and let (q i ,v A i ) be the induced coordinates on T k 1 Q. Let F be a tensor field of type ͑1,1͒ on Q such that Fϭ 
Therefore we obtain (t
there exist a family of k tensor fields J A of type ͑1,1͒ defined by
where we have transported the canonical k-tangent structure (J 1 ,..., 
IV. SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS
In this section we characterize the k-vector fields on R k ÃT k 1 Q such that their integral sections are canonical prolongations of maps from R k to Q. Let C be the canonical vector field of the vector bundle 1,0 :
This vector field C is the infinitesimal generator of the following flow:
and in local coordinates it has the form
C is a sum of vector fields,
where each C A is the infinitesimal generator of the following flow:
In local coordinates they have the form
Let us consider on R k ÃT k 1 Q the tensor fields Ĵ 1 , . . . ,Ĵ k of type ͑1,1͒, defined as follows:
From a direct computation in local coordinates we obtain that the local expression of a
where ( A ) B i are functions on R k ÃT k 1 Q. As a direct consequence of the above local expressions, we deduce that the familiy of vector fields ͕ 1 , . . . , k ͖ are linearly independent.
Definition IV.2: Let :R k →Q be a map, we define the first prolongation (1) of as the map
In local coordinates: 
Remark IV.5: Let us consider the trivial bundles :EϭR k ϫQ→R k and 1 :R k ÃT k 1 Q→R k . We identify each SOPDE ( 1 ,..., k ) with the following semi-holonomic second order jet field:
If the SOPDE on R k ÃT k 1 Q is integrable, then its integral sections are canonical prolongations of maps from R k to Q and then defines a second order jet field ⌫ on whose coordinate representation of the corresponding connection ⌫ is
5͒. The integrability of the SOPDE is equivalent to the condition given by Rϭ0, where R is the curvature tensor of the above connection ͑see Ref. 13 and 5͒.
V. k-COSYMPLECTIC STRUCTURES
The keystone of the nonautonomous Lagrangian formalism of classical mechanics is the cosymplectic structure on the phase space RϫTQ. For field theory we shall show that this statement remains true, provided the two-forms that define the cosymplectic structure are replaced by two vector valued forms.
Let J 1 (Q,R k ) 0 be the manifold of one jets of maps from Q to R k with target at 0R k . The manifold J 1 (Q,R k ) 0 can be canonically identified with the Whitney sum (T k 1 )*Q of k copies of T*Q, that is
n-dimensional manifold of one jets from Q to R k , with elements denoted by j q,t 1 . We recall that one jets of mappings from Q to R k can be identified with the manifold J 1 of one jets of sections of the trivial bundle :R k ÃQ→Q.
where q (q )ϭ(q )Ϫ(q) and q denotes an arbitrary point in Q. Let us denote by *:
where A 1 :R k Ã(T k 1 )*Q→R and A 2 :R k Ã(T k 1 )*Q→T*Q are the projections defined by
and Q is the canonical symplectic form on T*Q.
In local coordinates we have
Moreover, let be VϭkerT*, where *:R k Ã(T k 1 )*Q→R k ÃQ. A simple inspection in local coordinates shows that the forms ( 0 ) A and ( 0 ) A are closed and the following relations hold: If (M ,,,V) is a k-cosymplectic manifold we can define the vector bundle morphism, 
First of all, one realizes that such a L can be considered as a function L:R k ÃT k 1 Q→R. In this section we shall give a geometrical description of the above equations ͑11͒ using a k-cosymplectic structure on R k ÃT k 1 Q associated to the regular Lagrangian L. This k-cosymplectic structure shall be constructed using the canonical stable k-tangent structure of R k ÃT k 1 Q. For each 1рAрk, we define the following.
• The vertical derivation J A of forms on
for any function f and any p-form
where d denotes the usual exterior differentation. Let us consider the 1-forms,
In bundle coordinates (t
A ,q i ,v A i ) we have ͑ ␤ L ͒ A ϭ ͚ iϭ1 n ‫ץ‬L ‫ץ‬v A i dq i , 1рiрk. ͑12͒
Definition VI.1: A Lagrangian L is called regular if and only if the Hessian matrix,
ͩ ‫ץ‬ 2 L ‫ץ‬v A i ‫ץ‬v B j ͪ ,
͑13͒
is nonsingular. Now, we introduce the following 2-forms: 
Proof: Assume that L is a regular Lagrangian. We shall prove that "
Conditions ͑i͒ are rather obvious. Now, we shall prove condition ͑ii͒ in Definition V.1. Let X be a vector field with the local expression
, and A ͑ X ͒ϭ0, for all 1рAрk.
The second condition implies that X A ϭ0, for all A, and then the first condition yields
Since L is regular, from ͑14͒ we deduce that X i ϭ0, for all i, so that ͑15͒ implies X A i ϭ0, for all i and A. Therefore, we conclude that Xϭ0.
Next, we shall prove the second part of condition ͑ii͒ in Definition V.1. Let Y be a vector field with the local expression
We then have 
The converse is proved by reversing the above arguments.
where the functions
for all 1рA,B,Cрk and 1рi, jрn.
Since L is regular, from the local conditions ͑21͒ we can define, in a neighborhood of each point of R k ÃT k 1 Q, a k-vector field that satisfies ͑19͒. Next, one can construct a global k-vector field L , which is a solution of ͑19͒, by using a partition of unity.
Let L be a regular Lagrangian and let ⍀ L be the -morphism defined by the k-cosymplectic structure ( A ,( L ) A ,V 0 ), as in ͑9͒:
Theorem VI.3: Let L be a regular Lagrangian and let
where E L ϭC(L)ϪL. Then Xϭ(X 1 , . . . ,X k ) is a SOPDE. In addition, if Xϭ(X 1 , . . . ,X k ) is integrable then its solutions satisfy the Euler-Lagrange equations (11) .
Proof: It should be noticed that in general Eqs. ͑23͒ have not a unique solution. In fact, the solutions of ͑23͒ are given by (X 1 , . . . ,X k )ϩ(ker ⍀ ), where (X 1 , . . . ,X k ) is a particular solution. Nevertheless, we shall show now that there exist always solutions of equations ͑23͒ when L is assumed to be regular. In this case, from ͑3͒ and ͑20͒ we obtain
Let (X 1 , . . . ,X k ) be a solution of ͑23͒ locally given by
Then, from ͑24͒ we obtain
and since L is regular, from ͑26͒ we deduce that the solutions of Eqs. ͑23͒ are SOPDE's, that is, each X A has the form
From ͑25͒ we deduce that the functions (X A ) B j satisfy the equations
Since L is regular, ͑28͒ leads us to define local solutions of ͑23͒ in a neigborhood of each point of R k ÃT k 1 Q. Using a partition of unity one can easily obtain a global solution of ͑23͒. Now, let
be a solution of (X 1 , . . . ,X k ). From Proposition IV.4 and Eq. ͑27͒ we deduce that
Replacing in ͑28͒ we get
which shows that is a solution of the Euler-Lagrange equations ͑11͒.
In conclussion, we can consider Eqs. ͑23͒ as a geometric version of the Euler-Lagrange field equations.
Remark VI.4: We have given a geometric version of the Euler-Lagrange equations for a nonautonomous Lagrangian constructing a k-cosymplectic structure on R k ÃT k 1 Q defined from the Lagrangian and the canonical stable k-tangent structure on R k ÃT k 1 Q. We can also construct this k-cosymplectic structure using the Legendre tranformation FL of L which is the map
1 Q→Q the canonical projection. In induced coordinates we have
͑30͒
The Jacobian matrix of FL is
͑31͒
where I k e I n are the identity matrices of order k and n, respectively, B is a matrix nkϫ(kϩn) and C is the matrix
Now, from ͑12͒ and ͑30͒ we deduce the following.
Lemma VI.5: We have
Next, from ͑31͒ we obtain the following proposition. Proposition VI.6: The following conditions are equivalent:
VII. SINGULAR CASE
When the Lagrangian function L is not regular, the family " A ,( L ) A ,V 0 ,1рAрk… is no longer a k-cosymplectic structure. Even in this case, from ͑24͒, we deduce that if X ϭ(X 1 , . . . ,X k ) is an integrable SOPDE such that
then its solutions satisfy the Euler-Lagrange equations.
But we cannot assure that such a solution exists. Therefore we shall develop a constraint algorithm inspired in the well-known one for singular Lagrangians in mechanics in order to obtain a final constraint submanifold where such a solution exists.
We put P 1 ϭR k ÃT k 1 Q. Next, let P 2 be the subset of P 1 which consists of those points where there exists solution of ͑32͒, that is, P 2 ϭ͕z P 1 /᭚X"T k 1 ͑ R k Ã͑T k 1 ͒*Q ͒… z satisfying the SOPDE condition and being a solution of ͑ 32͖͒.
If P 2 is a submanifold of P 1 , then there exists a section of R k ÃT k 1 Q over P 2 . This section is not in general a k-vector field on P 2 . To find solutions taking values into T k 1 P 2 we construct a new subset P 3 of P 2 as follows: P 3 ϭ͕z P 2 /᭚X͑T k 1 P 2 ͒ z satisfying the SOPDE condition and being a solution of ͑ 32͖͒.
If P 3 is a submanifold of P 2 , there exists a section of P 2 over P 3 which is solution of ͑23͒, but that not defines, in general, a k-vector field on P 3 .
Proceeding further, we get a family of constraint manifolds,
In the most favorable case, this constraint algorithm stabilizes at some step, say P hϩ1 ϭ P h and dim P h Ͼ0. In this case, we call P f ϭ P h the final constraint manifold. On P f there exists a SOPDE solution of ͑32͒.
Of course, this solution would not be unique as in the regular case. It should be noticed that, in addition, the solutions on P f shall not be in principle integrable. To guarantee the existence of an integrable solution one has to develop an additional constraint algorithm taking the brackets of the vector fields which compose a SOPDE solution. Doing that we shall obtain an integrable SOPDE solution on a ͑smaller, in general͒ submanifold S of P f ; its solutions shall satisfy the Euler-Lagrange equations ͑11͒ ͑see Ref. 13͒.
